Truong THPT Hung Vuong GV. Nguyen Huu Hieu 

bAi to an bat dang thl/c-gtln-gtnn cua bieu thl/c 


1. Mot so bat dang thuc co ban thudng su dung 

1.1 Cho a,b > 0. Khi do ta co a+b> 2Jab . Dang thuc xay ra khi va chi khi a —b. Bat dang 
thuc nay con dupe viet duoi dang khac tuong duong la 

J >ab ; (a + bf > 4 ab ; a 2 + b 2 > lab ; a 2 + b 2 > ^ 

1.2 Cho a,b,c> 0. Khi do ta co a + b + c > 3jabc . Dang thuc xay ra khi va chi khi a=b — c. 
Bat dang thuc nay con co mot so ling dung de chung minh mot so bat dang thuc co ban khac 
kha pho bien nhu sau: 

a 2 +b 2 + c >ab + bc + ca a 2 + b 2 + c 2 >^(a + b + cf 

(a + b + c) 2 > 3 [ab + bc + ca ) a 2 b 2 + b 2 c 2 + c 2 a 2 > abc[a +b + c ) 

{ab + bc + caf >3abc(a + b + c) 3(a i +b i + c i ^ >{a 2 +b 2 + c 

9 

(a + b + c)(ab + be + ca )<-{a + b)(b + c)(c + a ) 




1.4 Mot so hang dang thuc dang nho 

(* + t)(t + z) + (y + z)(z + x) + (z + x)(x + y) = (x + y + zf + xy + yz + zx 
(x + y)(y + z)(z + x) + ^z = (x + y + z)(xy + yz + ^r) 
x 2 + y 2 + z 2 =(x+y + z) 2 - 2(xy + yz + zx) 

^ + y 3 + z 3 =(^ + y + z ) 3 -3(x + y)(y + z)(z + ^) 

1.5 Tuy nhien bieu thuc nay lam ta nho den bat dang thuc phu: 


112 

—-h —->-, voi ab > 1. 

a” T 1 6+1 1 + ab 

112 

--h-- <- ,vaia,b>Ova ab< 1. 

1+a 2 1 + ^ 2 1 + ab 

(l + a)(l + b)>(l + Jab) 2 ,Va,b>0 


II. Bat dang thuc doi xung hai bien 
Phuong phap giai 

1) x 2 + y 2 > 2xy; dung \/x; y. Dau " — " xay ra khi va chi khi x = y 

P + y ) 2 


2 ) 


-h — >-=-; dung Vx; y. Dau " = " xay ra khi va chi khi x = y; 

1 1 1+1 2 6 y 


(x + y) 

3) xy < -— ^ ; dung Vx; y. Dau " = " xay ra khi va chi khi x — y, 

4) (x + y ) 2 > 4xy; dung Vx; y. Dau " = " xay ra khi va chi khi x — y. 
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Bai 1. Cho cac so thuc x, y thoa dieu kien 2^x 2 + y 2 ) = xy + 1. Tim gia tri ldn nhat va gia tri 
nho nhat cua bieu thuc P = - 


2xy + 1 


Lai giai 


Dat t = xy. Ta co: xy + 1 = 2^(x + y) 2 -2xyj > -4xy => xy > 

Va xy + l = 2((x-y) 2 +2xy)>4xy xy < ^. DK:-^ < i < ^. 

(x 2 + y 2 ) 2 - 2x 2 y 2 = _ 7r 2 + 2t +1 
2xy +1 “ 4(2f + l) 

ikM 

2{2t + if 


Suy ra : P = 

Do do: P ' = 


P' = Oo<=0,J = -l(Z.)p|-ij=pfi'l = T v4i ,(o) = I. 


3) 15 


Ket ludn. MaxP = — <=> 
4 


1 


x = 0;y = ±-= 

■s/2 , ... D 2 1 

va MinP = — <»x = y = ± —=. 

n . 1 15 S 

y= «' x=± Ti 


Bai 2. Cho x, y > 0 thoa man jc + y + xy = 3. Tim GTLN, GTNN cua bieu thuc: 

p=xt + JC_I_. 

y + 1 jc + l JC+ y + 3 

Nhdn xet 

Trong bai toan nay ta chi can su dung phep bien doi tuong duong la xuat hien ngay an phu. Cu 
the nhu sau: 

y 2 1 _ (x +y) 3 -3xy(x +y) + (;c +y) 2 -2xy 1 


Taco: P = - 


y + 1 x + 1 x+y + 3 


xy + (x+ y) + l 


(x+y) + 3 


Dat: t = x+y=>xy = 3-t. Khi do: P = f(t) = -t 3 +t 2 -—t —. 

4 4 t+3 2 


Bai 3. Cho hai so thuc x, y thay doi va thoa man x 2 + y 2 = 8. Tim gia tri Ion nhat va gia tri 
nho nhat cua bieu thuc P — x 3 + y 3 - 3xy . 

Lai giai 

Taco P = (x + y)(x 2 + y 2 -xy)-3xy = (x + y)(8-xy)-3xy. 


Dat x + y = i.Dox+y =8 nen xy = —-—. Suy ra 


r-8 1 „ t 


t 3 ; 


-3.-—- = --——r +12t+ 12 
2 2 2 


Do (x + y) 2 >4xy nen t 2 > 2 [t 2 -8) <=> -4 < t < 4 

t 3 x 

Xet f(t) = -—-—t 2 + 12i +12 voi t e[—4; 4]. 
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Taco /' \t) = -^t 2 -3t + \2\ f'(t) = 0^ 


t = - 4e[-4;4] 
t = 2e[-4;4] 

/H) = -28;/(2) = 26;/(4) = 4. 

Ket luan. MaxP = 26<^>t - 2o x- y - V, MinP = -28 <=>? = -4<=>x = y = -2. 

Bai 4. Cho x, y la cac so thuc thay doi thoa man dieu kien x 2 + y 2 +xy = l. Tim gia tri Ion nhat 
va gia tri nho nhat cua bieu thuc: S = x 2 y — xy 2 . 

Lbi gidi 

Ta co S = xy(x - y) S 2 = (xy) 2 (x 2 + y 2 -2xy) = (xy) 2 (l -3xy) 

Dat t = xy 

x 2 + y 2 + xy = lol- 3xy = (x - y ) 2 > 0 => t < ^ 


x 2 + y 2 + xy = 1 o (x + y) 2 = 1 + xy > 0 t > -1 

3S ! = m = t\ 1 - 3t),t sI"- 1 ;± 1 . /'(«) = 21 -9t 2 = 0 o 


t = 0 
_ 2 
~9 


f(-l)=4,f(0) = f[-j = 0,f[-j = — ^S 2 <4^-2<S<2 

S' = 2 <=> x = -1, y = 1 
S = -2 <=> x = 1, y = -1 

Ket luan. MaxS = 2 <=>x = -1, y = 1 ;MinS = -2 <=> x = 1, y = -1. 

3 x 3 y 3 2 

Bai 5. Cho cac so thuc duong x,y thoa man 3 H-=-t--—I— 5—7 . Tim gia tri Ion nhat cua 

xy y x x y 

2 2 16 

bieu thuc P = x y ‘ + —:- 7 - . 

x 2 + y 2 + 2 

Lai gidi 


2 2 

Tir gia thiet ta co : 3xy + 3 = x 4 + y 4 H-> 2x 2 y 2 H- 

xy xy 


Dat t = xy,t> 0 ta co 3t + 3 > 2t 2 + - 2t 3 - 3t 2 - 3t + 2 < 0 <=> t e | — 

16 


M 


P = x y + 


x 2 + y 2 +2 


.22 16 

< xy + 


= t + - 

2 xy + 2 t +1 


Xet ham so fit) = t 2 + —e —;2 ta co Max f (t) = — ot = 2o x = y = ^2 

t + 1 L2 J ri.,1 3 


Ket luan. Maxf(t) = — <^>t = 2<^>x = y = \f2. 

M 3 
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Bai 6. Cho cac so thuc duong x, y thoa man x + y + xy = 3 . Tim gia tri nho nhat cua bieu thuc 


d x + y 


Lai gidi 


Tu gia thiet bai toan ta co 


3 = x + y + xy<x+y + 


(x+y) _[* + y>2 

x + y < -6 


>x+y >2 


Mat khac x, y > 0 nen 3 = x + y + xy>x + y 
Vaytaco 2 < x + y < 3 . 

Theo bat dang thuc Cauchy-Schwarzt ta chung minh duoc 4 (a 3 + > (a + bf 

Ta co 


P= \—} +4 [—J + ^i~T + — J + VT 

(x + y) 2 +3(x + y)- 6 ^ x + y 


3- (x + y) 

Dat t = x + y,t g [2;3) , ta co / (?) = P = 


42 

t 2 +3t — 6 ^ t 

-tt- + ^ ;fe[;3) 


Ket ludn. Min /(t) = 64 + -\/2<=>? = 2<=>x = y = 1. 

[2;3) 


Bai 7. Cho x 2 + y 2 - xy = 1. Tim gia tri Ion nhat, gia tri nho nhat cua bieu thuc 

M = x 4 + y 4 -x 2 y 2 . 

Lai gidi 


Ta co: x 2 + y 2 - xy = 1 => 


J 1 = x 2 + y 2 - xy > 2 xy -xy - xy 
|l = (x + y ) 2 - 3xy > -3xy 


-1 

~3~ 


< xy <1 


Mat khac, tu x + y -xy = l<=>x+y = 1 +xy nen M = (x“ + y ) - 3x y = -2xy +2xy + l 
Dat t = xy => M = -It 2 + 2t +1. 

Vay can tim Min va Max cua tarn thuc bac hai: fit) = -It 2 +2t + \ tren doan . 

V3 


Ta co: Min M = f(~) = ^Dat duoc khi 


x 2 + y 2 - xy = 1 
-1 < 


3 

V3 


. vr 

3 
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1 3 lx 2 + y 2 -xy = l 

Ta co: Max M = /(—) = — .Dat duoc khi: \ _] <=> 

2 2 r = T 


GV. Nguyen Huu Hieu 

2 

V3-V5 


Bai 8 . Cho x, y la cac so thuc thoa man x 2 + y 2 - xy = 1 .Tim gia tri Ion nhat; gia tri nho nhat cua 
bieu thuc F = x 6 + y 6 - 2 x 2 y 2 - xy. 


BAI TAP REN LUYEN 


Bai 9. Cho hai so thuc x, y thoa man x 2 + y 2 = 2. Tim gia tri Ion nhat, gia tri nho nhat cua bieu 
thuc P = 2(x 3 + y 3 )-3xy . 

Bai lO.Cho x > 0, y>0vax + y + xy = 3. Tim GTLN cua A = —— + —— - ( x‘ 1 + y 2 ). 

y+l x + l 

Bai 11. Cho x, y la cac so thuc duong thoa man dieu kien 3(x 2 + y 2 ) = 2(x + y ) . Tim GTNN 


cua bieu thuc P = ^x + — j + + — J . 

Bai 12.(B-2009) Cho cac so thuc x, y thay doi thoa man (x + y ) 3 + 4xy > 2. Tim gia tri nho nhat 
cua bieu thuc A = 3(x 4 + y 4 +x 2 y 2 ^-2^x 2 + y 2 j + l. 

Bai 13.(D-2009) Cho cac so thuc khong am x, y thoa man x + y = 1 . Tim gia tri nho nhat, gia tri 
Ion nhat cua bieu thuc S = (4x 2 + 3y) ^4y 2 + 3x) + 25xy . 

Bai 14.(D-2012) Cho cac so thuc x, y thoa man (x - 4 ) 2 + (y — 4 ) 2 + 2xy < 32 . Tim gia tri nho 
nhat cua bieu thuc A = x 3 + y 3 + 3(xy — l)(x + y — 2) . 

Bai 15.(A-2013) Cho cac so thuc duong a,b,c thoa man dieu kien (a + c)(b + c) = 4c 2 . Tim gia 
32a 3 | 32 b 3 Va 2 +b 2 

(b + 3cf (a + 3c ) 3 c 
Bai 16.Cho x, y > 0 thoa man x 2 y + xy 2 = x + y + 3xy . Tim gia tri nho nhat cua bieu thuc 
(l + 2xy ) 2 -3 


tri nho nhat cua bieu thuc P = 


P = x i + y* + ± 


2 xy 


Bai 17. Cho x, y la hai so thuc thoa man x 2 + y 2 + xy = 1 . Hay tim gia tri Ion nhat va gia tri nho 
nhat cua bieu thuc A = 5xy - 3y 2 . 

Bai 18. Cho x, y la hai so thuc duong thoa man x 4 + y 4 +4 = — . Tim gia tri nho nhat cua bieu 

xy 


thuc P ■ 


x+l y+l 


4*y 


2 x + l 2 y +1 x + y -1 
Bai 19. Cho cac so thuc x, y > 0 va thoa man x + y +1 = 3xy . Tim gia tri Ion nhat cua bieu thuc 
3 x 3y 1 1 


y(x + l) x(y + l) x 2 y 2 ' 
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Bai 20.Cho cac so thuc duong a,b thoa man ab + a + b = 3 . Tim gia tri nho nhat cua bieu thuc 

P = — + — + 2ab-sjl-?>ab. 
b+1 a+1 


Bai 21. Cho cac so thuc duong x, y thoa man dieu kien \ - — j + y |^1- J = 4. Tim gia tri 

nho nhat cua bieu thuc P = xy + y/l + x 2 + ■sjl+y 2 . 

Bai 22. Cho hai so thuc duong x, y thoa man: x 2 + y 2 = 1. Tim gia tri nho nhat cua bieu thuc: 

/> = (l + ^l + tj + (l + 3-)^l + t 


Tai lieu boi duong HSG 12 


Trang 6 





Truong THPT Hung Vuong 


GV. Nguyen Huu Hieu 


II. Mot so bai toan can dung bat dang thuc phu 

Bo de: Cho a,b> 0 ta luon co: 

112 

1 ) —-b —->-, voi ab > 1 . 

a +1 6+1 1 + ccb 

112 

2 ) -^ ^ <-, voi va ab<\. 

1 + a 2 1 + b 2 \ + ab 

Bai 1. (De thi HSG 12 Binh Phuoc 2014) Cho cac so thuc duong a, 6 thoa a + b = 2ab. Tim gia 

^ 113 /- 

tri nho nhat cua bieu thuc: Q =- 1 -b —= ya 2 + 6 2 + a+ 6 + 4. 

a 2 + 1 6 2 + 1 ^4 

Nhdn xet 

Trong bai toan nay voi gia thiet a + b = 2ab thi bieu thuc duoi dau can kha nhe nhang, no co 
the bieu dien theo tong hoac tich. Do do an phu cua bai toan phu thuoc hoan toan vao bieu thuc 

con lai la — - b -rl —. Tuy nhien bieu thuc nay lam ta nho den bat dang thuc phu: 

a + 1 b +1 

112 

—- b —->-, voi ab > 1 . 

a +1 6+1 1 + ab 

Tu gia thiet ta co: 2ab = a + 6 > 2yfab =f* -Jab > 1 =+ ab > 1 . Den day ta co the du doan an phu la 
mot bieu thuc theo tich cua a va b. 

Ta co 


Ql 


+ ^=tla 2 +b 2 +a + b + 4 = —?— + A x 3 /a+6 2 +4 > —?— + -^4a6 + 4 
1 + ab ^4 1 + ab id V 1 + ab id 


+ ab id ' 


1 + ob id 


Dat t = y ab +1, ta co Q > f(t ) = — + 3 1. 

Bai 2. Cho a, 6 > 0 : ab > 1. Tim GTNN cua T = ^-b ^ 


14 a 1 + 6 ^2a(l + a) + 26(1 + 6) + 8 ’ 

Giai 

+) Ta co: —- -1--— >-= , 06 > 1 . 

1 + a 1 + 6 1 | y ab 

That vay: Quy dong, chuyen ve, bdt tren tuong duong voi -\/a — sfb \[ab — 1 > 0 (Dung). 


Lai co: 


4 c 1 , 1 . 4 

■ Su y ra: + 


1 — I - _ — • jl ci.-1-^ -. 

1 + ya6 1 + \labA -j _|_ q 6 +1 ab I 3 1 + a 1 + 6 ab — 3 


+) Ta co: a(l + a) + 6(1 + 6 ) = a 2 + 6 2 —2 + a + 6 + 2 > 2a6 — 2 + 2 >/a 6 + 2 > 2 >/a 6 + 2 . 
Suy ra: 2a(l + a) + 26(1 + 6 ) + 8 > 4y[ab +12. 


y]2a(l + a) + 26(1 + 6 ) + 8 \ji4ab +12 y]2a(l + a) + 26(1 + 6 ) + 8 2yJ\[ab +~3 \j\[ab + 3 
=+T>—- 16 

ab + 3 VV4 + 3 

+) Dat 6 = V^6 > 1 =+ T > —^-— 

^+3 VTb3 


=/(*)• 
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f '(f) — ~ _|_§_ _ g + 3 ) 2 — t(t + 3 )y/t + 3 

(i 2 +3 ) 2 (t + 3 )>/i + 3 (t 2 +3) 2 (t + 3)y[t + 3 

Xet M = (i 2 + 3 ) 2 - i(i + 3)y/t + 3 > (|# 3) t 2 + 3- tJt+3 > 0 


i 2 + 3 > tyjt 3 i 4 -T 6 1 2 + 9 > i 3 3t 2 O (i 4 — i 3 ) -T 3i 2 -T 9 > 0 (Dung Vi ^ 1). 

Suy ra /'(i) > 0 Vi > 1 =>- /(i) dongbien Vi > 1. 

Tu do: MinT = /(l) = — 7 0 t = l 0 a = J= l. 

Bai 3. Cho cac so thuc x, y > 0 thoa man x 4 + y 4 + 4 = —. Tim gia tri nho nhat cua bieu thuc 

xy 

„ 1 1 3-2xy 

P = -+-+- , , • 

1 + 2x 1 + 2y 5 - x - y 

© Theo BDT AM-GM ta co: x 4 + y 4 + 4 > 2x 2 y 2 + 4 

Dodo: — = x 4 + y 4 +4>2x 2 y 2 + 4<»2x 3 y 3 +4xy-6<0 
xy 

<=> 2(xy -1) [x 2 y 2 + xy + 3) < 0 xy < 1 

, 112 

© Ta luon co bat dang thuc phu sau: -H->-, V x, y > 0. 

5 F • l + 2 x l + 2 y 2 + xy 


That vay ta co: 


1 


1 


l + 2 x l + 2 y 2 + xy 


o2+xy+2(x+y)+xy(x+y)>l+2x+2y+4xy e>x 2 y + y 2 x+l>3xy 


(Dieu nay luon dung do xy + y 2 x +1 > 3 yjx 3 y 3 = 3xy). 


Vay P = 


1 


1 


3-2 xy 


, 3-2xy 


l + 2x l + 2y 5-x 2 - y 2 2 + xy 5-2xy 


(theo AM-GM). 


) Dat t = xy , t <e (0; 1] . Xet f(t ) = —+ -——, t e (0; 1] 
2 + t 5-2 t 


Taco: /•(,) = —L-- 4 <0,V(s(0;l] 

(2+,)- (5-2,) 


=> fit) nghich bien tren (0; 1] nen P > f{t) > /(1) = 1. 

Vay min P = 1 <s> i * ^ y X <3>x=y = l. 

[xy=l 

Bai 4. Cho cac so thuc x,y thoa man dieu kien: x + y = 2 y[x~+2 + 3*Jy —2014 + 2012. Tim gia 

tri nho nhat va gia tri Ion nhat cua bieu thuc: S = a; -1 2 + y I 2 + 2015 + 2xyyjx + y + 1 

•Jx + y +1 


Nhan xet 

Phep dat an phu cho bai toan la: t = Jx+y + l. Van de dat ra la voi gia thiet co ve phuc tap kia 
lam sao chan dupe an phu t. 

Quan sat ve phai gia thiet ta thay neu dung bat dang thuc Bunhiacopxki ta thu dupe tong x+y 
tu do ta co mot bat dang thuc chua an la x+y. Giai bat phuong trinh nay ta thu dupe gioi han 
cua x+y, tu do thu dupe dieu kien cho an phu t. 

That vay: 
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x + y = 2^ + 2+3^-2014 +2012 < J 2 2 + 3 2 x + 2 + y -2014 +2012 = ^13 x + y- 2012 +2012 

ox + y-2012<^13(x + y-2012)^(x + y-2012) 2 -13(x + y-2012)<0^0<x + y-2012<13 
<=> 2012 < x + y < 2015 <=> 2013 < x + y +1 < 2016 
Dodo fe[>/2013;>/2016]. 


IV. Bat dang thuc doi xung ba bien 
Phucmg phap giai 

Don ve mot trong cac bien t-x+y + z; t = xy + yz + ZX',t = x 2 + y 2 + z\ t = xyz ; 

Tim dieu kien chat cua bien t 

Su dung dao ham de khao sat ham so bien t ; tim GTLN; GTNN cua ham so moi. 

Chu y: Doi voi cac bai toan ve bat dang thuc doi xung ba bien chung ta can chu y den cac danh 
gia, phan tich thudng su dung nhu sau: 

1) x 2 + y 2 + z > xy + yz + zx ; dung \/x; y; z • Dau " = " xay ra khi va chi khi x = y — z) 


2 ) x‘ + y‘ + z 2 = — + ^- + — > 

111 1 + 1+1 

va chi khi x= y — z} 

(x + y + z ) 3 

3) xyz < A -———; dung Vac; y;z ■ Dau " = " xay ra khi va chi khi x = y - z', 

4) (x + y)(y + z) + (y + z)(z + x) + (z + ac)(ac + y) = (x + y + zf +xy + yz + zx; 

5) (ac + y)(y + z)(z + ac) + xyz = (ac + y + z)(xy + yz + zx); 

6 ) x 2 + y 2 +z 2 =(x + y + z) 2 - 2 (acy + yz + zx); 

7) * 3 + / + z J = (*+? + +- 3(* + ;y)(;y + z)(z + + 

Bai 1. Cho cac so thuc duong a, b, c thoa man a + b + c = 1. Tim gia tri nho nhat cua bieu thuc 


z+ Q+y+0 Q+y+z) . 


; dung Vx; y;z ■ Dau " = " xay ra khi 


P = - 


121 


a 2 + b 2 + c 2 14(a6 + be + ca) 

Nhan xet 

Trong bai toan nay chi can the a + b + c = 1 vao P se lam xuat hien ngay an phu. That vay: 
Ta co 1 = (o + 6 + c) = a 2 + b +c + 2 {o,b + be + ccl ) 

1 —(a 2 + 6 2 +c 2 ) 

2 

7 121 


=> ab + be + ca = 
Do do A — - 


a 2 + o + c 2 7(1 -(a 2 +b 2 +c 2 )) 
Dat t = a 2 + b 2 + c 2 . Ta co /(t) = - + - 121 


t 7(1 -1) 


Bai 2. Cho cac so thuc duong x, y,z thoa man x + y + z = 3. Tim gia tri Ion nhat cua bieu 
thuc P-xy + yz + zx + - * 


x + y + z 


Phan tich tim ldi giai 
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❖ Day la mot bai toan ve bat dang thuc doi xung ba bien. Do do chung ta du doan dau dang 
thuc xay ra khi cac bien bang nhau x = y = z = 1 - Quan sat gia thiet va yeu cau bai toan ta du 
doan an phu la t = x + y + z- Tu gia thiet chung ta canluuy cac danh gia de dua ve t — x + y + z 
. Ta co 

2 2 2 ^(* + ) 7 + £)’ A , \ 2 

x + y +Z > - ---—; xy + yz + zx<-(x + y + z) . 

❖ Chu y rang Bai toan tim gia tri Ion nhat cua bieu thuc nen danh gia P theo chieu " < " . 
Ta co loi giai chi tiet cho bai toan nhu sau: 

Lai giai 

Ta co 3 = x + y 2 + z <^> 3 + 2(xy + yz + zx) = (jc + y + z)~ ■ 


t 2 _ 3 

Dat t = x + y + z, ta co: 0 <xy + yz + zx= ^ <x 2 + y 2 + z 2 ^3=>yf3<t<3. 

Khi do, taco: P = f(t)= t —^l + ~, f'( t ) = t -^= t -Zl > 

2 t t t 

14 

Vay ta co: P = f (t) < /(3) = —. Dau xay ra khi x = y = z = 1 . 

14 

Ket turn, max P = — khi x = y = z = 1 • 

3 


Bai 3. Cho cac so thuc x, y,z khong am thoa man x + y + z = — ■ Tim gia tri Ion nhat va gia 
tri nho nhat cua bieu thuc: P = 2 (xy + yz + zx) + 


x+ y + z 


Phan tich tim loi giai 

❖ Day la mot bai toan ve bat dang thuc doi xung ba bien. Do do chung ta du doan dau dang 
thuc xay ra khi cac bien bang nhau; tu gia thiet ta du doan dau " = " xay ra khi x = y = z = 1. 
Quan sat gia thiet va yeu cau bai toan ta du doan an phu t = x + y + z ■ Tu gia thiet chung ta can 
luu y danh gia: 

X 2 +y 2 +Z 2 > ( X+ -^ +Z ) . xy + y z + ^ + y + z y . 

t 2 = (x +y + z) 2 = x 2 + y 2 + z 2 + 2 (xy + yz + zx) > x 2 + y 2 + z 2 = ^ 

❖ Chu y rang Bai toan tim gia tri Ion nhat va gia tri nho nhat cua bieu thuc nen khi danh 
gia bien t ta can chan ca hai phia. Ta co loi giai chi tiet cho bai toan nhu sau: 


Lai giai 

Dat x + y + z = t 


2y[3 


<t< 2 . Ta co 


yz + zx = ^[{x+y + z) 2 -x 2 -y 2 -z 2 ] = ^t 2 -^j 
2^3 


- - | nen P = t 2 + - - - 
~ 1 t 3 


3 4 

Xet ham so f(t) = t 2 -\ -xac dinh tren 

W t 3 
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3/3 2 J 3 x 2-\j3 

Ket luan. MinP = —khi t = ^ <=> 2 trong 3 so x, y, z bang 0 so con lai bang ^ ; 

25 2 

MaxP = — khi t = 2 <=> x = y = z = —. 

6 3 

Bai 4. Cho a, b, c la ba so thuc duong thoa man 2 (a 2 + b 1 + c 2 ) = ab + be + ca + 3. Tim gia tri 

Ion nhat cua bieu thuc S = a 2 +b 2 +c 2 ---. 

a+b+c+3 

Phan tich tim lbi giai 

❖ Day la mot bai toan ve bat dang thuc doi xung ba bien. Do do chung ta du doan dau dang 
thuc xay ra khi cac bien bang nhau a = b = c — 1. Quan sat gia thiet va yeu cau bai toan ta du 
doan an phu t — a + b + c. Tu gia thiet chung ta can luu y danh gia de dua ve t = a + b + c. Taco 

2 ,2 2 ^{a + b + cf 1, .2 

a +b +c >- -—; ab + bc + ca <-(a + b + c) . 

3 3 v 

❖ Chu y rang Bai toan tim gia tri Ion nhat cua bieu thuc nen danh gia P theo chieu " < " . 
Ta co lbi giai chi tiet cho bai toan nhu sau: 

Lai giai 

Vbi a, b, c la cac so duong ta co 

/ , T , (a + b + c) 2 , , (a + b + cY 

v ’ 3 3 

2 (a + b + c) 2 (a + b + c) 2 , , 

Bbi vay —----— < ---—— + 3 <^> (a + b + c) <9 

Tudo 0<a+b + c<3 

/ o 9 (a+b + c) 

Ta co 2(a~ +b +c ) = ab + bc + ca + 3<---—^- + 3 

/ r, ~ (a+b + c) 3 

Nen (a +b +c )<- - - + - 

1 ’ 6 2 

Bbi vay 

S = a 2 + b 1 + c 2 - 


1 ^ (a + b + c) 2 1 

a + b + c + 3 6 a + b + c + 3 2 6 t + 3 2 




It 1 3 

Xethamso f(t) = -t 2 -b— vbi0<^<3 

W 6 t+3 2 

f'(t) = -t + —j > 0, Vi g (0;3]. Tu do suy ra ham so f(t) dong bien tren (0;3] 

3 (i + 3) 

Do do f(t) < /(3),Vi g (0;3] hay /(f) < — Suy ra: S < —. Dau "=" xay ra khi a = b - c = 1 

6 6 

Ket luan. MaxS = — khi a = b-c — 1. 

6 


Bai 5. Cho a,b,c la ba so duong. Tim gia tri lbn nhat cua bieu thuc 
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P = - 


y/a 2 +b 2 +c 2 +1 ( a + l)(^ + l)(c + l) 

Phan tich tim loi giai 

❖ Day la mot bai toan ve bat dang thuc doi xung ba bien. Do do chung ta du doan dau dang 
thuc xay ra khi cac bien bang nhau. Quan sat bieu thuc trong P ta du doan an phu t = a + b + c. 

❖ Chu y rang Bai toan tim gia tri Ion nhat cua bieu thuc nen danh gia P theo chieu " < " . 

Tu do suy ra bieu thuc a 2 +b 2 +c 2 + 1 can danh gia theo chieu bieu thuc 

(a + l)(i + l)(c + l) can danh gia theo chieu " < " (vi phia truoc bieu thuc co them dau "). Ta 


( g + b + c + lV / \/ \/ \ ffl + Z? + c + 3) 

2 +b 2 +c 2 + l 2 >- ---(a + l)(Z? + l)(c + l) < -—- 


Ta co lbi giai chi tiet cho bai toan nhu sau: 

Lai giai 

Ta co: a 2 +b 2 +c 2 +1 > ^-(a + b + c + 1) 2 ; (a + l)(Z? + l)(c +1) < 


i+b+c+3 


Vay P< 


54 


a + b + c + 1 (a + h + c + 3 )' 
2 54 


' ( f+2 )' 
/'(o=-4+ 


= fit) wait = a + b + c + l 

/'(O = 0o| 


(<>l) 


(' + 2 )‘ 


t = 4 (n) 
t = HD 


Bang bien thien 



Ket ludn. MaxP = — khi 
4 


a+b+c =3 

a=b = c <^a-b = c = \ 


Bai 6. Cho a,b,c la cac so thuc duong va a + b + c = 3. Tim gia tri Ion nhat cua bieu thuc 

p- 2 + I 

3 + ab + bc + ca ^(l + a)(l + Z?)(l + c) 


Phan tich tim loi giai 

❖ Day la mot bai toan ve bat dang thuc doi xung ba bien. Do do chung ta du doan dau dang 
thuc xay ra khi cac bien bang nhau a = b-c- 1. Quan sat bieu thuc P ta du doan an phu t = abc 
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❖ Chu y rang Bai toan tim gia tri Ion nhat cua bieu thuc nen danh gia P theo chieu " < " . 
Tu do suy rabieu thuc ab + bc + ca ; (l + a)(\ + b)(\ + c) can danh gia theo chieu " >" . Ta co 
lbi giai chi tiet cho bai toan nhu sau: 

Lbi giai 

Ap dung Bat dang thuc: (x + y + z) 2 > 3(xy + yz + zx), \/x, y, z e 9? ta co: 

(,ab + bc + ca) 2 > 3 abc(a + b + c) = 9abc >0 ab + be + ca > 3yfabc 

Ta co: (1 + a)(l + b)( 1 + c) > (1 + ,Va,b,c> 0. 

That vay 

(l + a)(l + &)(l + c) = 1 + (a + b + c) + (ab + bc + ca) + abc 
> 1 + 3lja.be + 3^J (abc) 2 + abc = (1 + \Jabc ) 3 
2 yjabc 


Khi do: P < - 


3(1 +yjabc) 1 + k]abc 
Dat kjabc = t ; vi a,b,c > 0 nen 0 < abc < 


Q (i). 


Xet ham so Q = 


2 t 2 , , 2t(t-l)(t 5 -l) . n 

-+ 0;1 =>G'(0 = —- A -f >0,Vre(0;ll. 

3(1 + ^) 1 + t 2 ’ [ J (l + ? 3 ) (l + t 2 ) V J 

Do do ham so dong bien tren (0; 1 ] => <2 = <2 (?) < <2 (l) = ^ (2). Tu (1) va (2): P < —. 

Ket luan. MaxP = —, dat duoc khi va chi khi: a = b = c - 1. 

6 ' 

Bai 7. Cho a,b,c la cac so thuc duong thoa man a 2 + b 2 + c 2 — 3. Tim gia tri nho nhat cua bieu 
a 2 +l + Z? 2 +l + c 2 +l_ 1 

b c a a+b+c 

Phan tich tim loi giai 

❖ Day la mot bai toan ve bat dang thuc doi xung ba bien. Do do chung ta du doan dau 
dang thuc xay ra khi cac bien bang nhau a = b = c = 1. Quan sat bieu thuc P ta du doan an phu 
t = a + b + c. 

♦> Chu y rang Bai toan tim gia tri nho nhat cua bieu thuc nen danh gia P theo chieu " > " . 
Trong bieu thuc P chua a 2 \b 2 \c 2 6 tu so nen chung ta nghi den bat dang thuc Cauchy- 

9 


thuc P = 


U 1 1 

-a + b + c- - + - + 


abc a+b+c 


„ a 2 b 2 c 2 (a + b + c) 

Schwarzt dang cong mau so-h-b — > -- — 

b c a a+b+c 

co lbi giai chi tiet cho bai toan nhu sau: 

Lai giai 

i o 9 (a + b + c) 2 

Theo gia thiet, ta co 3 = a + b + c > -- —— => a + b + c < 3 

Mat khac 

(a + b + c)' = a 2 +b 2 +c 2 + 2 {ab + bc + ca) >a 2 +b 2 +c 2 =3^a + b + c>yj3 
Ap dung bat dang thuc Cauchy-Schwarzt ta co 


.Ta 
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„ a 2 b 2 c 2 1 1 1 1 

b c a a b c a+b+c 

, 8 

=a+b+c+ - 


a+b + c 

Dat t = a+b + c;te |^V3;3j,tac6 / (?) = t + -\t e 


/•(0=i-4;/ , W=°« 


t = \fs (n) 
t = -y/S(l) 


;f(P3) = 


(a+b + c) 2 
a + b + c 


O 3 ] 



GV. Nguyen Huu Hieu 

_9_ 1 

a + b + c a+b + c 


y;/(^5)-W2 


Ket luan: MinP = 4\/2 <^>t = y/S a = b = c = 


2V2 


Bai 8. Cho cac so duong x, y, z thoa man: x(x -1) + y(y -1) + z(z -1) < 6. Tim gia tri nho 

nhat cua bieu thuc A =---1---1---. 

x+y+l y + z + 1 z + x + l 


Phan tich tim lbi giai 

❖ Day la mot bai toan ve bat dang thuc doi xung ba bien. Do do chung ta du doan dau dang 
thuc xay ra khi cac bien bang nhau x = y = z • Trubc het ta phan tich giai thiet bai toan: 

x(x -1) + y(y -1 ) + z(z -1) < 6 <^> x 2 + y 2 + z 2 - (x + y + z) < 6 
=> 18 > O + y + z) 2 - 3(x + y + z)<z>-3<;t+y + z<6=>0<x + y + x<6 
Do do, ta du doan an phu la t — x+y + z 

♦> Chu y rang Bai toan tim gia tri nho nhat cua bieu thuc nen danh gia P theo chieu " > " . 
Quan sat bieu thuc A ta co the xu ly theo 2 each: Su dung bat dang thuc AM-GM hoac bat 
dang thuc Cauchy-Schwarzt dang cong mau so de danh gia. Lbi giai chi tiet cho bai toan nhu 
sau: 


Lai giai 

Ta co x(x -1) + y(y -1) + z(z -1) < 6 <^> x 2 + y 2 + z 2 - (x + y + z) 

=> 18> (*+y+ z) 2 - 3(*+y+ z)^-3 <*+y + z< 6 =>0<x + y + x< 

rr, , 1 y + z + 1 ^2 1 . Z + x + l ^ 2 

Ta co: -+-> -: 


y + z + 1 25 5 z + x + l 

1 _ , x+y + l ^ 2 

5 


25 


x+y + l 25 

=> A 


->- <=>A> — 

25 5 5 25 

Dau xay ra khi va chi khi x = y = z = 2. 

3 

Ket luan. MinA = -<=>x = y = z = 2. 

Cdch khde: Dat t = x + y + z, t e (0;6]. 

„ 1 1 1 . 9 


x + y + l y + z + 1 z + x + l 2(x + y + z) + 3 


<6 

6 


Tdi lieu boi duong HSG 12 


Trang 14 

























Truong THPT Hung Vuong 


GV. Nguyen Huu Hieu 


Do do A >-. Xet fit ) =- tren (0;61, suy ra ket qua bai toan. 

2?+ 3 2? + 3 y 4 

Bai 9. Cho ba so thuc duong x,y,z thoa man x + y + z > 6. Tim gia tri nho nhat cua bieu thuc 


yz + Vl + * * * 3 zx + y]l+y 3 xy + Vl + z 3 

Phan tich tim lbi giai 

❖ Day la mot bai toan ve bat dang thuc doi xiing ba bien. Do do chung ta du doan dau 
dang thuc xay ra khi cac bien bang nhau x = y = z = 1 • Chu y rang Bai toan tim gia tri nho nhat 
cua bieu thuc nen danh gia P theo chieu " > " . Quan sat bieu thuc P chua x 2 \y 2 ;z. 2 b tu so 
nen chung ta nghi den bat dang thuc Cauchy-Schwarzt dang cong mau so. Ta co lbi giai chi tiet 
cho bai toan nhu sau: 

Lai giai 

Ap dung bat dang thuc Cauchy — Schwarzt ta co 
Q+y + z ) 2 


Ta co P > - 


xy 


+ yz + zx + Vl + * 3 + \/l + y 3 + Vl + z 3 


Lai co vl + x 3 = 1 + x)(l - x + x 2 ) < —-—. Dau bang xay ra khi jc = 2 


Suy ra P > 2. 


(x + y + z) 


2,(x + y + z) 2 
2 {xy + yz + zx) + x 2 + y 2 + z 2 + 6 (x + y + z) 2 + 6 
2 1 


Dat t = (x + y + z) 2 (t > 36) . Ta co P > - 

t + 6 

Vbi t >36 xet ham so fit) = —— ;/'(t)=— > 0. Ham so dong bien => f(t ) > /(36) = 
t + 6 (t + 6)~ 7 

Q P > 12 

Suy ra P> — . 

12 

Ket luan. MinP = — khi x = y = z. = 2. 


BAI TAP REN LUYEN 


Bai 10. Cho cac so thuc duong x, y, z thoa man x + y + z = 1 ■ Chung minh 

3 2 


r - 14. 


xy + yz + zx x + y + z 

Bai 11. Cho x,y,z la cac so thuc duong thoa man xy + yz + zx = 3 . Tim gia tri nho nhat cua bieu 

thuc X + ^ +—- 2 Jxyz . 

x+ y y + z z + x 

Bai 12.(B-2010) Cho cac so thuc khong am a,b,c thoa man a + b + c = 1 . Tim gia tri nho nhat 

cua bieu thuc M = 3(a 2 h 2 + b 2 c 2 + c 2 a 2 ^j + 3(ah + be + ca ) + 2 \Ja 2 +b 2 +c 2 . 

a 2 b 2 4 c 3 2 

Bai 13. Cho ba so thuc duong a,b,c . Chung minh- j H- j H- j > —. 

(a + b ) [b + c) 3(c + a) 3 

Bai 14.Cho a,b,c> 0. Tim gia tri lbn nhat cua bieu thuc 
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3^2(a 3 +6 3 +c 3 +l) [4ab + ^)(4bc + l)(Vca + l) 

Bai 15. Cho cac so thuc x, y, z > 0 thoa man x + y + z = 1 - Tim gia tri nho nhat cua bieu thuc 
P = 4(x 3 + y 3 + z 3 ) + 15xyz. 

Bai 16. Cho cac so thuc duong x, y, z thoa man x + y + z = 3 . Tim gia tri nho nhat cua bieu thuc 

P = —H--y H-y . 

x + y y + z z+x 

Bai 17. Cho cac so thuc duong a, b, c thoa man ab + be + ca = 3abc. Tim gia tri nho nhat cua bieu 

b 4 c 4 i 


thuc P = 


ab 4 + 2 a 2 be 4 + 2 b 2 


\-2c 2 


f 8 abc. 


Bai 18. Cho cac so thuc duong a,b,c thoa man a + b + c = —. Tinh gia tri Ion nhat cua bieu thuc 


1 (a + b)(b + c ) 

1 (b + c)(a + c) | | 

1 (a + c)(a + b) 

1 (a+b)(b + c) + a + c y 

(b + c)(a + c) + a+b y 

(a + c)(a+b) + b + c 


Bai 19. Cho 3 so thuc duong a, b, c thoa man a 2 + b 2 + c 2 = 1. Chung mirth rang 

a 5 - 2 a 3 + a b 5 -2b*+b c 5 -2c 3 +c ^2^3 

- + - + - < —— 

3 


b 2 +c 2 c 2 +a 

II. Bat dang thuc ba bien khong doi xung 


a 2 +b 2 


Bai 1. Cho ba so thuc duong a,b,c . Tim gia tri nho nhat cua bieu thuc 
_ 24 3 

13a + I2yfab + I6y/bc y/a + b + c 

Phan tich tim lai giai 

❖ Day la mot bai toan ve bat dang thuc khong doi xung ba bien. Quan sat bieu thuc trong 
P ta du doan an phu t = a + b + c. 

♦> Chu y rang Bai toan tim gia tri nho nhat cua bieu thuc nen danh gia P theo chieu " > " . 
Tu do suy ra bieu thuc 13a + 12 yfab +16 \[bc can danh gia theo chieu " < " va can co danh gia 
bieu thuc 13a + 12 yfab +16 \[bc < a(a + b + c). Van de d day la lam the nao de xac dinh dupe a ? 
Gia su ta co danh gia 

13a + 12*Jab + I6yfbc = 13 a + —j^=^Jma.nb + l— yjpb.qc 
ym.n y p.q 

< 13 a + ma + nb ) + ^— (pb + qc ) 

Vmn y p.q 

h 1 \ + ( 6 ^ +8 if )* + ( 8 if ) c=a ( a+b+c '> 

Do do ta can xac dinh m,n,p,q sao cho 13 + 6 ./— = 6 ./— + 8 /— = 8 — . De y den tinh "chinh 

V n V m ]/ q y p 

phuong" cua cac bieu thuc trong can ta xac dinh dupe m = l;n = 4;p = l;q = 4. 

Ta co ldi giai chi tiet cho bai toan nhu sau: 

Lai giai 
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Ap dung bat dang thuc AM — GM , ta co 
13a +12 Job +16 y/bc = 13 a + 6 sfaAb + 8 JbAc 

< 13a + 6.- 1 - 8.-— 16 {o b + c) 

2 2 

=> 13a + 12 yfab + I6\fbc < 16(a +b + c). Dau " = " xay ra <=> a = 4b = 16c. 

„ 3 3 

Suy ra P > — -- - , . 

2 ya + b + c) sja + b + c 

3 3 

Dat t = a + b + c, t > 0 . Khi do ta co: P >-p 

2 1 yjt 

3 3 3 3 

Xet ham so f(t) =-p tren khoang (0;+oo), ta co f'(t) = —p- 7 . 

2f Vf 2ty/t 2 t 

f'(t) = 0 o- ——p ——- = 0 -ot = 1 ; lim/(?) =+ 0 ° ; lim/(f) = 0 
2fVf 2? *->o + 


Bang bien thien 


t 

0 

1 


+00 

f\t) 

- 

0 

+ 


fit) 

+G0 

3 ^ 

2 


0 


Vay ta co P > —, dang thuc xay ra <+> 


Ketluan. MinS = — khi va chi khi (a,b,c) = \ —, —,— . 

O v J 01 


a + & + c = 1 16 , 4 1 

<=>a = —\b = —;c = —. 
a = 4& = 16c 21 21 21 


Bai 2. Cho a, fc, c la cac so thuc duong. Tim gia tri Ion nhat cua bieu thuc 
4 9 


P = - 


” yja 2 +b 2 +c 2 +4 (a + b)yj{a + 2c)(b + 2 c) 

Phan tich tim lai giai 

❖ Day la mot bai toan ve bat dang thuc khong doi xung ba bien. Quan sat bieu thuc trong 
P ta du doan an phu t = a + b + c. 

❖ Chu y rang Bai toan tim gia tri Ion nhat cua bieu thuc nen danh gia P theo chieu " < ". 
Tu do suy ra can danh gia bieu thuc a 2 + b 2 + c 2 + 2 2 theo chieu " > " . Dieu nay co dupe nhd 
bat dang thuc Cauchy-Schwarzt. Theo bat dang thuc Cauchy-Schwarzt ta co 

2 2 2 /-p a 2 b 2 c 2 2 2 (a+b + c + if 

1111 4 

❖ Bieu thuc ( a + b)^J(a + 2c)(b + 2c) can co danh gia chieu " < " (vi phia trude co dau "). 
Quan sat bieu thuc trong dau can (a + 2c) (b + 2c) neu danh gia tu tich sang tong se nhan dupe 
a + b + 4c. Nhu vay chung ta can them 3 (a + b) nua mdi dam bao co nhan tu (a + b + c), trong 
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khi do bieu thuc ngoai dau can chi co 1 ,{a + b). Do do ta can nhan them hang so 3 vao truoc bieu 
thuc. Ta co danh gia quan trong nhu sau: 

( a + b + 4c^\ 

~Y~ 


3 (a + b). y j(a+2c)(b + 2c) < (3a + 3 ^| a + ^ +4c j < l|~ 4(a + fr + c) j = 2 ( fl + b + c f 


Ta co lbi giai chi tiet cho bai toan nhu sau: 

Lai giai 

Cach 1 

a+b+c+2< ^4(a 2 + b 2 + c 2 + 4) 

f a + b + 4c') l\4(a + b + c) 


3(a + b).yl(a+2c)(b + 2c) < (3 a + 3b), 
: 27 


■r 


■] =20 


a+b + c ) 2 


Vay P< 


a + b + c+ 2 2 (a +b + c ) 

27 


. Dat t = a + b + c, t> 0; P < — --= g(t) 


8 ^ = ~(t + 2f + Y' £’W = 0<=>27 (* + 2 ) -8f 3 =0«t = 6 


t 

0 


6 

“|-00 

g\t) 


+ 

0 


g(t ) 

—00 


5 

8 

0 


P < g(t) < —; maxP = — xay ra khi a—b — c = 2. 


Ket luan. MaxP = - xay ra khi a = b — c — 2 . 

8 J 

Cach 2 

2 2 2 (a + b + c) 

a +b +c + 4> --— + 4; 

3 

(a + b]-yj(a + 2c)(b + 2c) <{a+b ) 


a + & + 4c 


1_, ,v„a + £ + 4c . 1 (3a + 3b + a + b + 4c) 16 (a + b + c) 

-3[a + b)2 -< --— = —--— 

6 v ' 2 6 4 24 

■ - - 4 _^Z<5 

2 * “8 


Dang thuc xay ra khi a = b = c = 2. 

Kcl /wan. MaxP = xay ra khi a = b = c = 2. 

Bai 3. Cho cac so' thuc duong a,b,c . Tim gia tri nho nhat cua bieu thuc 
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P = 


2a + b + Jsbc 


_ 8 _ 

Jib 2 +2{a + cf +3 


Phan tich tim lai giai 

❖ Day la mot bai toan ve bat dang thuc khong doi xung ba bien. Quan sat bieu thuc trong 
P chung ta du doan anphu t-a + b + c. 

♦> Chu y rang Bai toan tim gia tri nho nhat cua bieu thuc nen danh gia P theo chieu " > ". 
Tu do suy ra can danh gia bieu thuc 2 a + b + \/8bc theo chieu " < " va bieu thuc 
J2b 2 +2(a + c) 2 + 3 can co danh gia theo chieu " > " (vi phia trudc co dau .".). 

❖ De dua bai toan ve an phu t = a + b + c thi ta can co danh gia 

2 a + b + a/8 be <a{a+b + c). Quan sat hai ve ta suy ra dupe a = 2. Do do 
2 a + b + a /8 be =2 a + b + 2^]b.2c <2a + b + b + 2c = 2 {a +b + c ) 

❖ Doi voi bieu thuc J 2 b 2 +2 (a + c) 2 + 3, quan sat bieu thuc trong dau can ta luu y danh 

giasau: J 2 b 2 +2(a+c) 2 + 3 = ^2 ^ 2 +(a + c) 2 J + 3> + b + c ) 2 + 3 = a + h + c + 3.Tudota 

co lbi giai chi tiet cho bai toan nhu sau: 


Lbi giai 


Ta co 2 a + b + JSbc =2a + b + 2yfb.2c <2a + b + b + 2c = 2 (a +b + c ). Suy ra 
1 ^ 1 


2 a + b + a /8 be 2 (a + b + c) 

Mat khac -^2 (a + c) 2 +2b 2 >(a + c) + b. Suy ra 

Do do P > -----. 

2 (a + b + c) 3 + a+b + c 

1 8 

Dat a+b + c = t,t> 0. Xetham so f(t) =-, t> 0. 

2 1 3 + t 

„ , 1 8 3(r — l)(5f + 3) „ 

Ta co / (0 - r + y;——, t> 0. Suy ra / (t) = 0 <=> t = 1. 


3 + j2(a+c) 2 +2b 2 3 + a+b + c' 

(1) 


2r (3 + tf 2t 2 {3 + tf 


Bang bien thien 



Tu bang bien thien suy ra f(t) > /(l) = - —, V? > 0. 


( 2 ) 
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la + b + c- 1 

r 1 

3 

Tu (1) va (2) ta co P>——. Dau dang thuc xay ra khi j 

b = 2c 

1 4 

1, 1 

3 1 1 

Ket luan. MinP = — , dat duoc khi a = c = — , b = —. 

2 4 2 

(b = a + c 

2 


Bai 4. Cho a,b,c la cac so thuc duong thoa man a (b 2 + c 2 ) = b + c . Tim gia tri nho nhat cua 
1 1 1 

bieu thuc P =- - H- T H- T + - -—-—-- 

(1 + a) (1 + b) (1 + c) (l + a)(l + fc)(l + c) 

Phan tich tim ldi giai 

❖ Day la mot bai toan ve bat dang thuc khong doi xung ba bien, tuy nhien ta thay bieu 

thuc P va gia thiet da cho la doi xung voi hai bien b&c. Tu do ta co the du doan dau dang 
thuc xay ra se co b = c. Su dung gia thiet da cho; ta duoc 


b + c = a[b 2 +c 2 ) > 


i(b + c)~ 


> a (b + c) < 2. Vi vay, ta tim each danh gia bieu thuc P de dua 


ve hai bien a va (b + c). 

❖ Chu y bai toan tim gia tri nho nhat nen danh gia bieu thuc P theo chieu " > " . Su dung 

^ , 112 

bat dang thuc AM-GM ta co danh gia quan trong-=- H- T -—--; cung theo 

8 84 (1 + *) (1 + c) 2 (l + 6)(l + c)' 8 

AM-GM ta co (l + ^)(l + c) < 1 ^ — < t^2 + — j 1Ttrdo suy ra 

p ^ 2 a. 2 +1 + 4a 2 2 a 3 + 6a 2 + a. + 1 

~ (a + l) 2 + (l + a) 3 = (a + 1) 3 

v ., , , ^ ./ \ 2a 3 +6a 2 +a + l / \ 2(5a-l) 1 

Xethamso f(a) = -§-;a> 0; / (a) = —-^ = 0 <=>a = - 

(a + l) (a+ 4) 5 

Lap bang bien thien; ta co P > f (a) > / . 

^ 91 1 

Ket luan. MinP = - <=> a = -\b = c = 5. 

108 5 

Bai 5. Cho cac so thuc a,b,c> 0 thoa man a 2 + b 2 + c 1 - 2 be + ab — 2 ca = 0. Tim gia tri nho 
c 2 yfab 


nhat cua bieu thuc P = - 


(a + b-c) 2 a 2 +b~ a + b 


Phan tich tim ldi giai 

❖ Day la mot bai toan ve bat dang thuc khong doi xung ba bien, khi quan sat bieu thuc P 
nhieu ngudi cam thay "ai ngai" bdi su xuat hien cua bieu thuc a + b — c . Thong thudng khi 
lam viec voi bai toan bat dang thuc thi hau nhu quen vdi cac so khong am nhieu hon. Tuy 
nhien, de y ky gia thiet bai toan ta co ngay a 2 +b 2 +c 2 — 2 be + ab — 2ca = 0 <=> (a + b - c) —ab. 
Do do, ta nghi den thay the bieu thuc (a+b — c)~ bdi ab la mot dieu het sue tu nhien. Hon 
nua, tu dang thuc (a+b — c) 2 = ab ta cung co the du doan dupe dau " = " xay ra khi va chi khi 
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a =b = c. Khi do P =-I- - 


yfab 


De y den mau so cua so hang cuoi co xuat hien 


ab a+b a + b 

a+b nen hai so hang dau ta cung nghi den danh gia nhu the nao de xuat hien (a + b). Chu y 

dau " = " xay ra khi a=b = c nen ta can phai phan tich 

c 2 , c 2 \[ab c 2 c 2 c 2 4ab k 

- -. Ap dung Cauchy-Schwarzt cho . 


ab a+b a+b lab lab a+b a + b 


yfab 


lab a 2 +b 2 (a + b) 


1c 

a+b 


. Tuy nhien trong P lai con du 


-1-. Kheo leo su dung AM-GM ta co dupe ket qua nhu y: 

lab a + b 


y/ab 


ab 


_ _ _ _ lab 

lab a+b lab y[ab(a + b) lab (a + bf 
gia sau: 


>2 


(a + b) 


. Tom lai ta co danh 


yfab 


P = —4 

ab a 2 +b z a+b lab (, lab a 2 + b 2 

— >0 

a + b 

Theo gia thiet ta co 

/ , (a + &) 2 

(a+b-c) =ab<- - 


yfab 

a+b 


(—) 

+ (—) 

[a+b) 

[a + b) 


a + b-c 
a+b 


a + b 


<-=>-—< 1--— < — =>l<t<3 

4 2 a+b 1 


Xet ham so f(t) = t 2 +t\l < t < 3;Mnf (t) = l<^>t = \<^>a-b = c 


Bai 6. Cho a,b,c> 0 thoa man dieu kien ab + be + ca = 1. Tim gia tri Ion nhat cua bieu thuc 



Phan tich tim loi giai 

❖ Day la mot bai toan ve bat dang thuc khong doi xung ba bien, tuy nhien doi xung voi hai 
bien a,b nen ta du doan dau dang thuc xay ra khi a—b. 

♦> Phan thuc cuoi cung khac biet voi hai phan thuc dau nen y tubng cua ta se danh gia hai 
phan thuc dau ve bien c ; 

❖ Day la bai toan tim gia tri Ion nhat nen ta nghi den danh gia bat dang thuc theo chieu 


❖ Trong cac phan thuc d'au co luy thvra 2 va luy thua 0 nen can dua ve dong bac 2 bang 
each su dung gia thiet ab + bc + ca- 1. 

❖ Luu y danh gia yfab + c = yfayfb + yfcyfc < ^J(a + c)(b + c) 


Lai giai 


ab + bc + ca + a ab + bc + ca + b 
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3c 


(■a + c)(a + b ) (a + b)(b + c ) ^\ + c 2 

a(b + c) + b(a + c ) 3c 2 ab + c(a+b) 3c 

(a + b)(b + c)(c + a) ^/l + c 2 (a + b)(b + c)(c + a) + c 2 

s[ab [a +b) + c(a + b) 3c 
~ (a + b)(b + c)(c + a ) + ^1 + c 2 

(yfab + c)(a + b) 3 c [sfab+c'j 3 c 

(a + b)(b + c)(c + a) y/l + c 2 (b + c)(c + a ) yjl + c 2 

< *J(a+c)(b + c) + 3c _ 1 + 3 c 

(a + c)(b + c) yj\ + c 2 yj(a+c)(b + c) jl + c 2 

1 3c l + 3c 


Vl + c 2 Vl + c 2 Vl + c 2 

Taco /'(c) = 3 C 


(l + c 2 )yl + ? 


= /W 


;/'(c) = 0oc = 3 


Bang bien thien 



Bai 7. Cho cac so thuc khong am x,y,z thoa man dieu kien x 2 + y 2 + z < 3y . Tim gia tri nho 
nhat cua bieu thuc 

14 8 

(x + l ) 2 + (y + 2 ) 2 + (z + 3) 2 

Phan tich tim lai giai 

❖ Day la mot bai toan ve bat dang thuc khong doi xung ba bien va cung khong doi xung 
voi hai bien nao ca. Do do chung ta chua the du doan duoc dau dang thuc xay ra khi nao. Vi 
vay ta nghi den phan tich gia thiet bai toan trudc. Ta co 
Ta co 2x + 4y + 2z< (x 2 + 1) + (y 2 + 4) + (z 2 +1) = x 2 + y 2 + z + 6 < 3y + 6. 


Suy ra 2x + y + 2z < 6 . Dau dang thuc xay ra khi x-^-z- 1. Thong thubng den day ta thay 


y a ^ y 

x\ — ;z co vai tro nhu nhau nen chung ta nghi den phep dat an phu a = x;b = —;c = z . Khi do 
118 

P =- y H- j H- y . Bay gio tro lai yeu cau bai toan la tim gia tri nho nhat cua bieu 

(a + l) {b +1) (c + 3) 
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thuc nen chung ta nghi den danh gia bieu thuc P theo chieu " > ". Quan sat P ta thay d tu so cua 
cac so hang deu la hang so. Vi vay, chung ta nghi den bat dang thuc Cauchy — Schwarzt dang 
cong mau so. 

❖ Phan thuc cuoi cung khac biet vdi hai phan thuc d'au nen y tudng cua ta se danh gia hai 
phan thuc d'au ve bien c . 


Lai giai 


Ta co 2x + 4y+2z< (x 2 +1) + (y 2 + 4) + (z 2 +1) = x + y 2 + z + 6 < 3y + 6 . 


Suy ra 2x + y + 2z < 6 . Dau dang thuc xay ra khi x - — = z - 1. 

y 1 

Dat a = x',b = —;c = z taco a + b + c <3. Khi do P = 

2 


1 


8 


(a+i ) 2 (b+iy (c+3) 

Ap dung bat dang thuc AM-GMta co 

o 1 1 8 ^ 8 8 64 

(a + 1 ) 2 (b + if (c + 3 ) 2 (a+b + 2f (c + 3 ) 2 (a+^ + c + 5 ) 2 

f J .w. .a. r\ 1 1 8 8 8 

Ap dung (*) ta dupe P = 


(x + l) (Z + 1)2 (z + 3 ) (;c + 1 + Z + 1) 2 (z + 3 ) 


64 


64.4 


r = 1. 


“(, + ^ + 2 + z + 3) 2 (2x+ y + 2z + l0) 2 “(6 + 10) 2 

Ket luqn. MinP = 1 khi x = l, y = 2,z = l 

Bai 8 . Cho ba so' thuc duong x, y, z thoa dieu kien x > z • Hay tim gia tri ldn nhat cua bieu 


thuc P = 


'I* 


-y 2 <Jy 2 + z 2 

Phan tich tim lai giai 

♦> Day la mot bai toan ve bat dang thuc khong doi xung ba bien nen chua the du doan dau 
dang thuc xay ra khi nao. Phan thuc cuoi cung khac biet vdi hai phan thuc dau nen y tudng cua 
ta la se danh gia hai phan thuc dau theo phan thuc thu ba. Tuy nhien, phan thuc thu ba van 


con 2 bien, neu don bien thi co mot each la chia ca tu va mau cho z ta dupe , 


Trong hai so dang dau cung co bien doi tuong tu. Ta co 

■ y - 1 , 1 

\Jx 2 + y 2 sly 2 + z 2 


l 


mi 


i+l - 


l + y 


x f ^ y z z 

Bay gid hai so hang dau van con khac biet vdi so hang thu ba. Quan sat ky ta thay 


Do do ta nghi den su dung bat dang thuc phu sau day de don bien. 

112 

. + . < . ; vdi a,b > 0 , ab < 1 

Vl + a 2 Vl + ^ 2 vl + ab 

Den day bai toan xem nhu da dupe giai. Ta co ldi giai chi tiet cho bai toan nhu sau: 
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Lai gidi 

Ta co P = 


Truoc het ta chung minh BDT 


1+ y 


Vl + a 2 Jl + ab 


(*); voi a,b > 0, ab < 1 


1 1 L( 1 r 

co -+ , :... £./2 -- +- 

%/l + a 2 Vl + ^ 2 V vl + a 1 + ^ 


Mat 


khac-— H-— <-<=> (a - (a& -1) < 0 luon dung voi a,b > 0, ab < 1 

1 + a 2 l + b 2 1 + ab V ' V ' 6 


Suy ra Bat dang thuc (*) dung. Dang thuc xay ra khi a — b. 

, 2 1 

Ap dung Bat dang thuc (*) ta co: P < - 


Dat ? = —,0<?<1 , P < 


VTT7 


1 _ V ^+ 2 

vm 


Xet ham so /(?) = ; 0< ?< 1, / (?) = —■, / (?) = 0 <=> ? = - 


y/t + l ’ 


2^(? + l) 3 


t 

0 


1 

4 

+GO 

f\t) 


+ 

0 


fit) 

2 



1 


Ket luan. MaxP = yf5 khi 


J = £ 

I * y 

l “ 4 “ x 


ox = 2y = 4z. 


Bai 9. Cho cac so thuc khong am a,b,c thoa man: 5(a 2 + b 2 + c 2 ) = 6 (ab + bc + ca ). Tim gia tri Ion 
nhat cua bieu thuc: M = ^2(a +b + c ) -(a 2 +b 2 ) . 

Phan tich tim lai giai 

❖ Day la mot bai toan ve bat dang thuc khong doi xung ba bien a,b,c nhung lai doi xung 
voi hai bien a, b nen ta du doan dau dang thuc xay ra khi a=b. 

♦> Yeu cau bai toan tim gia tri Ion nhat cua bieu thuc nen ta phai danh gia bieu thuc P theo 
chieu " < " . Do do bieu thuc (a 2 +b 2 ^j danh gia theo chieu " > " . 

Lai gidi 
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Ta co -(a + b ) 2 + 5c 2 < 5(a 2 + b 2 ) + 5c 2 = 6 (ab + bc + ca ) < —(a + &) 2 + 6 c(a + &) 

2 4 

=> 5c 2 - 6c(a + b) + (a + b) 2 < 0 <=> ~~ <c<a + b^>a + b + c< 2{a + b) 

Khido : M = J2(a+b + c) - ( a 2 + b 2 ) <^2(a + b + c)-^(a + bf < (a + b)-^(a + bf 

Dat t = fa + b => t > 0 va M < 2t - — f 
2 

Xet ham so: f(t ) = 2?- ^T 4 voi t >0 , co /'(f) = 2-2f /'(*) = 0 <=> t = 1. 


Lap bang bien thien : 


t 

0 1 +00 

f(t) 

+ 0 - 

m 

I 

0 -00 


Tu BBT suy ra /(?) < - 0/ dau " = " t = 1=> M < ^ ,\/a,b,c > 0 


Ket luan: M = — <^> 

max 2 


= 6 = 


C = fl +& 

a =& <^> < 

a + b = 1 c = 1 

Bai 10. Cho x, y la cac so thuc duong, tim gia tri Ion nhat cua bieu thuc 
x 2x 


P = 


7(771x77/) (* + y) 2 +(xy + l)(* + y) 


Lai giai 

P 


y]x 4 +x 2 y 2 +x 2 + y 2 (yy + * + y + l)U + y) 

1 


jc 2 + r+ 1 + ^ 


(jc + l)(y +1)(1 + —) 


Dat z = — ta co P = 


Jx 2 +y 2 + z 2 + 1 C^ + lXj + 1 )(z + 1 ) 


Ap dung bat dang thuc Co si ta co: x 2 + y 2 + z +1 > ^(x + y ) 2 + ^-(z +1)“ > + y + z + 1 ) 2 


(x + l)(y + l)(z +1) < ^ + y + z + 3 j 

O S/I 

Suy ra P < 


x + y + z + l (x + y + z + 3)' 


2 54 

.Dat t = x+ y + z + 1 > 1 taco: P< - T 

» (< + 4 


9 SzL 9 1 fD 

Xet ham f(t) =- T tren (l;+oo) ta co : f\t) = — T -\ - = L> <=> t = \\t = 4 

t (t + 2) 3 V ^ t 2 ( t + 2) 4 

Lap bang bien thien ta co Max/ (t) = /(4) = —. 

fe(l;+oo) 4 
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Ket luan. MaxP = — khi x = y = 1. 

4 7 


Bai 11. Gia sir x, y, z la cac so thuc duong thoa man x + y + z— 1 . Tim gia tri Ion nhat cua 

, „ xy yz x 3 y 3 + y 3 z 3 

bieu thuc P = -7 H- y -^— 

1 + z 1 + x 2 24xY 

Phan tich tim loi giai 

❖ Day la mot bai toan ve bat dang thuc khong doi xiing ba bien, tuy nhien doi xiing vdi hai 
bien x, y nen ta du doan dau dang thuc xay ra khi x — y. 

♦> Day la bai toan tim gia tri Ion nhat nen ta nghi den danh gia bat dang thuc theo chieu 
" < " . Lmi phan thuc cuoi dong bac 1 nen ta co the dong bac hoa hai phan thuc dau ve bac 1 
bang each thay so 1 tu giai thiet. va hai phan thuc dau danh gia theo chieu " < " con phan thuc 
thu ba danh gia theo chieu " > " . 

Lai giai 

Ap dung bat dang thuc AM-GM ta co 


xy yz 

xy 


, y z 

l + z 2 l + x : 

*y 

’■ (z 2 + * 2 ) + ( 2 

yz 

: 2 + y 2 

<1 

) (x 2 + y 2 ) + (x 2 +z 2 ) 

( x 2 + y 2 + y 2 + 

(z 2 + x 2 )(z 2 + y>) 2^( 

x 2 + y 2 ' 

)(**+** 

) 4 

[z 2 +x 2 z 2 + y 2 x 2 + y 2 x 2 + 

‘fi + / 2+ / 2 

1< l (l+ y + 

—1 

= ifi + X + iGl + if 2 + 4 

4^ z +y x +y 

) 

2yz 

2 xy) 

4^ 2z 2x) 4 8[z x) 


Tiep tuc ap dung bat dang thuc Cauchy-Schwarzt, ta co xy + y z > — (xy + yz) nen 


x y +y z _ (xy + yz) 


zx 4 z 3 x 3 

SuyraP<i + iA + A--f Z + Z ’ 

y 4 8U xj 96 U x 

y y 1,1 1 

Dat t = — + — khi do t >0 va P <- 1 +—t + —. 

z x 96 8 4 

Xet ham so fit) = t 3 + —t + — vdi t > 0. 

96 8 4 

Ta co f\t) = ~~ t2 + /'(0 = 0ot = 2, vi t >0. 

Suy ra bang bien thien 


■K 


4yz x 


t 

0 2 

+ 00 

fV) 

- 0 


5 


m 

12 \ 
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Dua vao bang bien thien ta co P < — , dau dang thuc xay ra khi va chi khi t = 2 hay 

x=y=z= Ti' 

Ket luan. MaxP = —, dat duoc khi x= y = z- —U. 

12 ' 73 

Bai 12.Cho x,y, z la ba so thuc duong thoa man x 3 + y 3 + z(x 2 + y 2 ) = 3xyz . Tim gia tri nho 

nhat cua bieu thuc P = ———I———I— 

y+z z+x x+y 

Phan tich tim lbi giai 

❖ Day la mot bai toan ve bat dang thuc khong doi xung ba bien, tuy nhien doi xung voi hai 

bien x, y nen ta du doan dau dang thuc xay ra khi x = y. 

*1* Day la bai toan tim gia tri nho nhat nen ta nghi den danh gia bat dang thuc theo chieu 
" > " . Luu phan thuc thu ba khac biet so voi hai phan thuc dau nen ta nghi den danh gia hai 
phan thuc dau theo phan thuc cuoi. Luu y den bat dang thuc Cauchy — Schwarzt dang cong 
mau so. Ta co lbi giai chi tiet cho bai toan nhu sau: 

Lai giai 

Ap dung Bat dang thuc AM-GMva Bat dang thuc Cauchy - Schwarzt ta co 
3z . > Mxy)=x i +/+z ( x > +y >) > +z . 

(x+y ) 2 (x + y ) 3 2z 

=> z.~ -=> z > x + y => —— > 2 

4 4 x+y 


Ta co 


P>- 




2 z 


(x+y ) 2 


" 2xy + z(x + y) x + y (x+y) 2 t , 

2 +z(x+y) 

^ 2 (x+y) | 2z _ 2 1 | 2 z 

x + y + 2z x + y 2 z x+y 

x+y 

Dau xay ra khi x = y;z = x + y 

„ , , 2 

Xethamso f(t) = - + t; t > 2 ta co 

W 1 + t 


2 z 

x + y 


f'{<)-- 


(' + !)' 


- +1 > 0, Vi > 2, do do / (i) la ham dong bien khi t > 2. Vay 


Mini (i) = / (2) = - khi t = 2 hay MinP = - khi x = y;z = 2x = 2y 


BAI TAP REN LUYEN 


r , ^ ( a + b ) 2 

Bai 13. Cho ba so thuc a,b, c e. 1:2 . Tim gia tri nho nhat cua bieu thuc P = —--- - -- 

L J 6 ' c 2 + A(ab + bc + ca) 


Bai 14. Cho ba so thuc duong a,b,c . Chung minh 


2c 


b + c c + a 2 [a + b) + c 3 
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Bai 15.Cho cac so thuc duongx, y,z thoa man dieu kien x 2 + y 1 + z 2 + 2xy = 3(x + y + z) ■ Tim 

23 23 


gia tri nho nhat cua bieu thuc P = x + y + z + ~ 


\Jx + z yjy + 2 

Bai 16.Cho a,b,c la ba so duong. Tim gia tri Ion nhat cua bieu thuc 
9 16 


P = - 


ab(a + 2c){b + 2c ) y/a 2 +b 2 +c 2 +1 
Bai 17.Cho a,b,c la ba so duong. Tim gia tri nho nhat cua bieu thuc 

6yfab +lc + 8yfca 9 y/a + b + c 

Bai 18.Cho x,y,z> 0 thoa man x 2 + y 2 + z 2 < 2(y +1). Tim gia tri Ion nhat cua bieu thuc 


p ~ yj2xy +yf2yz+- 


1 


x+y+z+l 

Bai 19.Cho a,b,c la ba so duong. Tim gia tri nho nhat cua bieu thuc 

5 4 


1 


yja 2 + 2b 2 + 5c 2 +3 + 1 ab + bc + ca + l 

Bai 20.Cho a,b,c > 0 Tim gia tri nho nhat cua bieu thuc P =-- , - — . 

a + y/ab + yjabc yja + b + c 

Bai 21.Cho a > b;a > c &a,b,c e [l;4]. Tim gia tri Ion nhat cua bieu thuc 

b c 


P = - 


2a + 3b b + c c + a 


HD: Khao sat Ian lupt cac bien c,b,a . 

Bai 22. Cho x,y,z>0:jc + y + z = l. Tim Max P = - 


_ y _L 

x+ yz y + zx z +1 

Bai 23. Cho a,b,c duong thoa a 2 +b 2 +c 2 +2 ab = 3 (a+b + c) . Tim gia tri nho nhat cua bieu 
2014 2014 


thuc P = 6 (a + b) + c 2 + - 


\Ja + c y/b + 2 

Bai24.Cho a,b,c duong thoa a 1 +b 2 +c 2 +2ab < 2{a + b + c). Tim gia tri nho nhat cua bieu 
thuc P = a 2 +b 2 +2c + - 40 40 


y/b + c + l yJa + 3 
Bai 25. Cho x;y;z> 0 thoa man xy > l;z > 1. Tim MinP = 
(x+yf , 1 


x [ y [ z +2 

y + 1 x + 1 3(xy + l) 


HD: P > - 


2xy + x + y xy + 1 


y + 2x 2 z + 2y 2 x + 2 z 2 


Bai 26. Cho x,y,z> 0. Tim Min P 

2 x + l 2 y + l 2 z + l x+y + z 

Bai 27. Cho cac so thuc duong x,y,z thoa dieu kien x 4 + (^y 2 - 1 j + z 4 < 3. Tim gia tri Ion nhat 

cua bieu thuc P = yf2y(x + z) H—~^—t-. 

v y x 2 + y 2 +z +1 
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Bai 28. Cho a,b,c la cac so thuc duong thoa man a 2 +b 2 +c 2 = 5{a+b+c)—lab. Tim gia trinho 

nhat cuabieu thuc Q = a + b+c + 48[ , = + , 1 j. 

[s/a +10 ^Jb + c J 

Bai 29. Cho cac so thuc x,y,zE [l; 3]. Tim gia tri nho nhat cua bieu thuc 

25 y + z 

T =--- 

12 a ; 2 + 2012 xy + yz + zx 

Bai 30. Cho cac so thuc khong am a, 6 , c thoa man ab + 2 be + 3ca = 6 . Tim gia tri nho nhat cua 
bieu thuc P — a+ b b + c c + a + 4a + b + c 

Bai 31. Cho 2 so thuc a, b e (0; 1) thoa man (a 3 +b 3 )(a + b)-ab(a-l)(b-]) = 0. Tim gia tri Ion nhat 

cua bieu thuc sau F = r ^ +• r ^ +ab-(a + b) 2 . 

Vl + a 2 \ll + b 2 

Bai 32. Cho cac so thuc duong a;, y thoa man x i + y A + — = xy + 2 . Tim gia tri Ion nhat cua 

xy 

i „ 2 2 3 

bieu thuc P — -- H---. 

l + x 1 + y 1 + 2 xy 

Bai 33. Cho a,b,c> 0 thoa man a + b + c = 1. Tim gia tri nho nhat cua bieu thuc 

b 2 3 


P = - 


- a+ b 


b + c + 5 be c + a + 5 ca 


Bai 34. Cho cac so thuc duong a,6,c thoa man a + b b + c c + a —8. Tim gia tri nho nhat 

1 1 1 1 

cua bieu thuc P = .- - 1 -; #-. 

yjabc a + 2b b + 2c c + 2a 

Bai 35. Cho cac so thuc duong a, b E —; 1 . Tim GTNN cua P = —-— + — - -- - — 

& [4 ] 2 +3a a + b 6 + 1 

Bai 36. Cho a, 6 , c > 0 thoa man dieu kien -^ + -^ — —. Tim gia tri nho nhat cua bieu thuc 

a 2 b 2 2 c 2 


P = 7^- + ^^+ / 

b + c c + a ^/ a 2 + b 2 +c 2 

Bai 37. Cho ba so thuc duong a,b,c. Tim Min P — 


6 4ca 


a b + c b a" +b a + c 


5— 6 J- 


« 1 + 7 


61 + 1 


1 + - 


l 


+ xyz = 1 Khi do 
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y 


6 yfz , 


x + y 


6 yfz 


1 + 2/ 1 + x 1 % 1 + ^ x-\-y~\-xyx-\-y 1 -\- z 1 + ^ 

x + y 5z 6 yfz > 2 <Jxy 5 z 6 \[z 

1 + xy i + z 2 l + z~ 1 + xy 1 + z 2 1 + z 


£ 


6 y/z 5z 4 yfz 


1 + — 1 + z 


Bai 38. Vi du 1 (D'e du bi ky thi THPT Quoc gia 2015, su dung cho 29 tht sink gap su cotai Da 
lat) 


Cho cac so thuc a,b thoa man a,b e ;lj . Tim gia tri nho nhat cua bieu thuc: 

P = a 5 b + ab 5 + , 6 , -3 (a + b) 
a +b 

Nhan xet 

Trong bai toan nay phep dat an phu phu hop nhat se la t = a+b. 

Vi a,b e — ;1 => \ =>l<a + /?<2. Do do dieu kien cua an phu t la t e . 

L 2 J i ifcS i ' L J 

12 

Bang mot so danh gia ta thu dupe P > fit) = - (t - 1) t 4 + 


' 2 - 2 (>-l) 
6 


- 3 1 

r 3<,«E[l;2]. 


Cong viec con lai chi la khao sat ham so fit ) = -(/-l )/ 4 + -p ^ ^ 

Bai 39. Cho cac so thuc duong x, y, z thoa man 5(x 2 + y 2 + z 2 ) = 9(xy + 2 yz + zx ). 


Tim gia tri Ion nhat cua bieu thuc P =-. 

y+z (x + y+z) 

Phan itch bai toan: 

♦> Chieu danh gia cua bai toan la: P < f(t). 

♦> Xac dinh an phu: 

Bi mat cua bai toan chinh la danh gia P < ^ Z ^ ---- = — ---- 

~{y + zf 2 (y + z ) + y + z V + z 27 (v + z ) 

Do do ta co an phu cho bai toan la: t = y + z > 0. 

Trinh bay lai giai chi tiet: 

Theo gia thiet ta co: 

5(x 2 + y 2 + z 2 ) = 9 (ocy + 2 yz + zx) <+ 5{x + y + zf = 9 (xy + 2 yz + zx) +10 (xy + yz + zx) 

Ob(x + y + z) 2 = 19 x(y + z) + 28 yz < 19 x(y + z) + 7 (y + z) 2 

^a\^- + l\<^- + 7^^-<2^x<2(y + z) 

{y + z ) y + z y + z 

Mat khac ta co (y + z'f < 2 (y 2 + z) y 2 + z > ^ (y + z) 2 


Tai lieu boi duong HSG 12 


Trang 30 






















Truong THPT Hung Vuong 


y; d ^ 2(?/ + Z) 1 

4 

1 

^(y + z) 2 2(y + z) + y + z ' V+ z 

27(y + 0) 3 

Dat t = y + z > 0 P < -- - 

t 27t 3 

= _(«-l)*<2l + l) ia 

271 3 

[a; = 2 ( 2 / + L _ J_ 

Vay min P = 16; dau bang dat tai 

2 / = z 4* ■ 

3 

1 

| y — ^ — 


GV. Nguyen Huu Hieu 
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BAT DANG THL/C-LE HOANH PHO 

Bai 1. Cho cac so thuc x, y thoa man (x + y ) 3 + 4xy > 2. Tim gia tri nho nhat cua 
A = 3(x 4 + y 4 +x 2 y 2 ^-2(x 2 + y 2 ) + l. 

Huong dan giai 

Ket hop (a: + y ) 3 + 4xy > 2 voi (x + y ) 2 > 4xy suy ra: 

(* + y) 3 +(* + y) 2 > 2 ^*+y>l. 

A = 3(x 4 + y 4 + * 2 y 2 ) - 2(x 2 + y 2 ) +1 

= ^(x 2 + y 2 f +^(x 4 + y 4 )-2(x 2 + y 2 ) + l 
> |(x 2 + y 2 f + ^(x 2 + y 2 ) 2 - 2 (x 2 + y 2 ) + l 

=> A>— (x 2 + y 2 ) -2(x 2 + y 2 ) + l. Dat t = x 2 + y 2 , ta co 


x 2 + y 2 > ^ X + y ^ >-=>t>-,d o do A>-t 2 - 2t + l 
2 2 2 4 

Xet /(?) = ^i 2 - 2? + l;/'(?) = - 2 > 0 voimoi t > ^ 

A i A 9 9 1 

=> min — — = —. Do do A > — dau = xay ra khi x = y = — . 

JT.-hA 12 J 16 16 2 


Vay gia tri nho nhat cua A bang —. 

Bai 2. Cho x > 0 vay tuy y. Tim GTLN, GTNN cua 

A4- *y 2 


(x 2 +3y 2 )(x + ^ 2 +12y 2 J 

Huong dan giai 

Xet y = 0 thi M = 0. Xet y * 0 thi: 


2 (^ 2 +12y 2 


Li 


i + PL-i 


3 4 + 


(x 2 +3y 2 ).12y : 

Dat t = ^~,t > 0 thi M =f(t) = 


12 / 


3( ? + 4) 
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, r ,/ \ 2 — t+ 2yjl + t - , / \ _ „ 

TaCO f M = w a \2 n — ,f M = °^ = 8 - 
6 (f + 4) .yl + f 


BBT 


X 

0 1 +00 

/' 

+ 0 + 

/ 

1/18 

0 0 


Do do: 0 < M < —. Ket hop thi 0 < M < —. 

18 18 

Vay max M = — khi 2x 2 = 3y 2 , min M = 0 khi y = 0. 


Bai 3. Cho cac so thuc x, y, z khong am thoa man dieu kien: x 3 + y 3 + z 3 =2 + 3xyz . Tim gia tri 
nho nhat cua bieu thuc P = x 2 + 2y 2 +3z 2 

Huong dan giai 


Tir gia thiet x 3 + y 3 + z 3 = 2 + 3xyz 
o(x+ y + z)(x 2 + y 2 + z 2 -xy-yz - zx) = 2 

^(x+y + z)^(x 2 + y 2 + z 2 )~^(x+y + z) 2 J = 2 

t 2 

Dat t = x + y + z ■ Khi do t> 0 va x 2 + y 2 + z 2 = — + 


_4 
3 1 


A 

Xet ham / (f) = — + — tren (0;+oo) 

Taco f'(t) = -t-^ = 2 ^ ,f'(t) = 0^t = ^2 

W 3 3 1 2 3 1 2 J W 

Lap BBT thi min ^/(f) = f[%j2 j = -s/4, dat dupe khi f = %/2 
Ta co T* > x 2 + y 2 + z > n/4 

Dau dang thuc xay ra khi va chi khi x = \J2, y = z = 0. 

Vay min P = y/4, dat dupe khi x = yf2, y = z = 0. 

Bai 4. Cho cac so thuc x, y thoa man dieu kien: x+y — *Jx —I + -j2y + 2 . Tim gia tri Ion nhat, 
gia tri nho nhat cua bieu thuc P = x 2 + y 2 + 2(x +1)(y +1) + 8^4 -x-y 

Huong dan giai 

Dieu kien x > y > 1. Suy ra x + y > 0. 
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Ap dung bat dang thuc ( au+bv )“ < (a 2 + b 2> )(u 2 + v 2 ) taco: 



Suy ra0<jc + y<3. Dat t = x+y thi t e [0;3] 


P = ( a: + y ) 2 + 2(x + y ) + 8^4-(x+ y) + 2 = t 2 + 2t + 8>/4-f + 2 


Xetham /(?) = ? 2 + 2t + 8^4-? + 2 tren [0;3] 



Suyra /'(?) dong bien tren [0;3] 

Do do /'(?) > / '(0) = 0 voi moi t e [°;3] 

Suyra /(?) dong bien tren [0; 3] 

Vay max P = max/(?) = / (3) = 25, dat khi t = 3 <^> x = 2,y = 1 

min P = min / (t) = f (0) = 18, dat khi ? = 0<=>je = l,y=l 

Bai 5. Cho cac so thuc x, y, z khong am thoa man: Xyj2 — y 2 + y*J2 — x 2 = 2. Tim gia tri nho 
nhat cua bieu thuc P = (x + y ) 3 + 12(jc + y ) - 12xy -12 + ^Jxy 


Huong dan giai 





Do do dau dang thuc xay ra nen x = 
Suy ra x, y > 0 va x 2 + y 2 = 2 




Dat t — x+y. Khi do t < ^2^x 2 + y 2 ) = 2 

Mat khac t 2 = (* + y ) 2 > x + y 2 = 2. Suy ra t > \/2 



2 


2 
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Suy ra P = (x + y ) 3 + 12(x + y ) - 12xy -12 + Jxy 

= (x+j.) 3 +12(x+j.)-12f|-lj-12 + ^i 


= f -6t 2 +\2t + A -1 


Xet ham /(?) = t 3 - 6t 2 + 12? + J -— 1 tren |~-s/2;2J. Ta co: 


/'(?) = 3? 2 -12? + 12 + - 


2 J\ J - 1 


r > 0, voimoi 1 e |^>/2;2j nen /(?) dong bien tren |^V2;2j 


Vaymax/(?) = /(2) = 9; min/(?) =/(V2) = 14^-12. 

IA 2;2 J IA 2;2 J 

Bai 6. Cho cac so thuc duong a, b, c. Tim gia tri nho nhat cua bieu thuc 


P = - 


16 


^ab(a + 2c)(b + 2c) y/l + a 2 +b 2 +c 2 

Huong dan giai 

Ta co: 1 + a 2 + b 2 + c 2 > ^-(l + a) 2 + ^(b + cf > ^-(l + a + b + cf 


Suy ra: - 


1 


Vl + a 2 +b 2 +c 2 1 + a + b + c 

Ap dung bat dang thuc Cosi, ta co: 

a + b a + 2c + b + 2c 


yjab(a + 2c)(b + 2c) < - 


= ^-(a + b)[a + b + 4c) = 3(a + b)(a + b + 4c ) 

1 \_3(a + b) + (a + b + 4c)J _ (a + b + cf 
~ 12 4 3 


Suy ra 


yjab[a + 2c)(b + 2c) ( a+b+cf 

> 27 _ 32 

(.a + b + cf l+a+b+c 


27 32 

Dat t = a + b+ c thi ? > 0 va P>— - 

t 2 t +1 
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27 32 


54 32 


Xet ham fit ) = —-tren (0;+oo),/ '(f) = —-h- — 

W f 2 f +1 V )JV) t 3 (t + lf 

/'(f) = 0<^(f-3)(l6f 2 + 21f + 9) = 0^f = 3. 


Lap BBT thi min f(t) = f (3) = -5 

Do do P > —5, dau dang thuc xay ra khi a = b = c = 1. 

Vay gia tri nho nhat cua P la -5, dat khi a = b = c = 1. 

Bai 7. Cho cac so thuc khong am a, b, c thoa man dieu kien: 3 [a 2 +b 2 +c 2 ^ +ab + bc + ca- 

Tim gia tri Ion nhat va gia tri nho nhat cua P = —-—-— + ab + bc + ca. 

a+b + c 

Huong dan giai 

Tir gia thiet a, b, c khong am thoa man: 

3(a 2 +b 2 +c 2 ^j + ab + bc + ca = 12 ta co a+b + c- J24-5(a 2 +b 2 + c 2 ) 

Va 12 > 3 [a 2 +b 2 +c 2 ) => a 2 + 6 2 +c 2 < 4 

12<3(a 2 +& 2 + c 2 ) + a 2 + & 2 +c 2 =>a 2 + & 2 +c 2 >3 
Suy ra a 2 + b 2 + c 2 e [3; 4] 

Dat t = ^24-5(a 2 + Zr +c 2 ) thi t e [2;3] 


a 2 +b 2 +c 2 


yj24-5 (a 2 +b 2 +c 2 ) 
U24-t 2 ) 


+ \2-3(a 2 +b 2 +c 2 ) 


- + 12-3- 


-■K : 


= - 3f 2 -f + — - — 


Xet ham / (f) = 3f 2 -f + — tren [2; 3] 


/'(f) = 6f-l--^ = (f-l) + ^5f-^J>0 voimoi f e[2;3] 
nen/dong bien tren doan [2;3]. 

Dodo max/(f) = /(3) = 32;min/(f) = /(2) = 22 nen 2<P<4. 

Vay max P = 4, dat khi a = b = c = 1. 

Min P = 2, dat khi a = 2,& = c = 0 hoac cac hoan vi. 

Bai 8. Cho cac so thuc duong x, y, z thoa man dieu kien: 


24 


12 . 
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4(x + y + z) = 3 xyz ■ Tim gia tri Ionnhat cuabieu thuc: 

n 1 1 1 

2 +x + yz 2 +y + zx 2+ z + xy 

Huong dan giai 

Ta co: 3xyz = 4(x + y + z) > 43yjxyz. nen xyz > 8 

Va: 2 + x + yz > 2\]2s/2x + yz > 2^/'2\/2xzyz = 2^2^2xyz.-Jyz > 4 sfl.tfyz 


c 1 1 1 ^ 1 1 1 1 

Suyra-<—- + —= 

2 + x + yz 4^2 ^/yz 4 2[2 ^ 


,1(1 1 1 ) 1(3 1 

S —-1-1-— —-1- 

8^2 4 yz' ' 


l 4 yz 


Tuongtu: - 


1 




1 


1(3 1 


2 + x + yz 8^4 zxJ 2 + x + yz 8^4 xy 


j- ^ n 1(9 1 1 111(9313 

Dodo ?<- - + — + — + — = —| —h 
8^4 xy yz zxj 


4 4 


Vay max P = -, khi x = y = z = 2. 

Bai 9. Cho cac so thuc duong a, b, c thoa man dieu kien (a + c)(b + c) = 4c 2 . Tim gia tri nho 
nhat cua bieu thuc 
_ 32a 3 32 b 3 sja+b 2 


(Z? + 3c) 3 (a + 3c) 3 c 

Ta co (a + c)(& + c) = 4c 2 + lj^—+ lj = 4 

Dat x = —;y = — thi (x + l)(y + l) = 4 


oS + P = 3^P = 3-S .Do do 


P = 32 


(+H+)‘ 


-y[x* + ~y 2 


>8 ^+^- U/777 


l^y + 3 x + 3j 
S 2 +3S-2P 


3S + P + 9 




S 2 +35-2(3-5)' 
3S + (3-S) + 9 
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"s/2 
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P' = 3(S-l) 2 -J=0,VS>2 

Dau xay ra chang han khi x = y = 1. 

Vay minP = P(2) = l-V2. 


Bai 10. Cho cac so thuc khong am x, y thay doi va thoa man x + y = 1. Tim gia tri Ion nhat va 
gia tri nho nhat cua bieu thuc S = (4x 3 + 3y)(4y 2 + 3x) + 25xy 

Huong dan 

S =16x 2 y 2 + 12(x 3 + y 3 ) + 9xy + 25xy 


= 16x 2 y 2 + 12^(x + y) 3 -3xy(x+y)J + 34xy =16x 2 y 2 -2xy+12 


Dat t - xy, ta duqc S = 16 1 2 -2t + \2 


0 < xy < 


(*+yf i 



Xet ham / (?) = 16? 2 — 2? +12 tren doan 



Ket qua max S = 


25 
2 ' 


min S = 


191 

16 


Tai lieu boi duang HSG 12 


Trang 38 






